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The problem of constructing reachable domains (RDs) of a non-linear control system functioning over a finite time interval is
considered. A method is proposed for the approximate construction of RDs, based on partitioning the phase space of the system
by an e-lattice. Estimates are obtained for the accuracy of the approximate RDs. An example is presented. © 1998 Elsevier Science
Ltd. All rights reserved.

The numerous publications devoted to this problem present a variety of approaches to its solution. A
large group of publications [1-5] is devoted to estimating reachable domains (RDs) of control systems
and differential inclusions (DIs) by ellipsoids or sets of ellipsoids in the space R". Estimates of RDs
have been obtained [6, 7]. The problem of the approximate computation of RDs as polyhedra in the
phase space R™ has been investigated [8]. Mention should also be made of papers [9, 10] on numerical
methods for constructing RDs of linear control system.

The approach adopted here is close to that of [11, 12], which was based on introducing a rectangular
lattice in the position space and approximating RDs by sets of lattice nodes. A similar method was
used in [13-15]. The investigations in [16], which consider the approximate computation of RDs in

the case of autonomous DIs, are more recent. Other properties of RDs have also been investigated
[17-24].

1. Suppose we are given a control system whose behaviour is described by the equation

x=f(t x, u), ueP, tel, I=[t), 8], tg<D<oo (1.1)

where x is the m-dimensional vector of the system, u is the control and P is a compact subset of Euclidean
space R”.

It is assumed that the following conditions are satisfied

1. The vector function f{¢, x, u) is continuous in the set of variables ¢, x, u in the domain I x R™ x P,
and for any bounded and closed domain D C I x R™ a constant L = L(D) e (0, ) exists such that

1t x*, u) - f(t, x,, w) ||< L|| x* - x, || for (¢, x*) and (¢, x*) in D, u,e P.
2. A constant u € [0, o) exists such that
W@ x wspd+jxd. @ x, wyeDxP

By an admissible control u(f), t € I, we mean any Lebesgue-measurable function such that u(z), € P,
tel

A solution of Eq. (1.1) generated by an admissible control u(f) is defined as an absolutely continuous
vector function x[t], ¢ € I, such that x[¢] = f(¢, x[¢], u(t)) almost everywhere (a.e.) on I.

The symbol Y(t*; t,, x,), & < t, < t* < 9 will denote the set of all x* € R™ reached at time ¢* by
solutions x[ ¢], x[¢,] = x, of Eq. (1.1) generated by all possible admissible controls u(¢); Y(t*; t,, x, ) is
called the RD at time ¢* of system (1.1) with initial data x[¢,] = x,.. We also assume

Y(t‘; e, Jo)= UY(t‘; Le, Xx)

b 2Y) 4
(Y, is a set from R™).
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We will associate a DI
xe Ft,x),te 1, Ft, x)=co{f(t, x, u) : u e P} (12)

where co{*} denotes the closed convex hull of the set in question, with Eq. (1.1).

A solution of the DI (1.2) is defined as an absolutely continuous vector function x[t], ¢ & I satisfying
(12)ae.onl.

Let X3 = X(t*;¢t,,X,), to <t, <t* < 9 denote the set of allx* € R™ reached at time ¢* by all possible
solutions x[¢], x[ ¢, ] = x, € X, of the DI (1.2). We have

Xe =cl¥("; t, Xa), tgSts<t" <9, XecR™

where clX denotes the closure of X.

Thus, let us consider the problem of computing the set X § = X(r*; to, Xo), t* € I, Xy C R™, frequently
encountered in theory and applications. In the general case this set cannot be calculated exactly, and
we will therefore have to do so approximately.

The right-hand side F(z, x) of the DI (1.2) generally depends on ¢ and satisfies a Lipschitz condition

d(F(t,x), F(t,y)) < Ll x -y | for (¢,x), (t, y) in D, L = L(D) € [0, »),

where D C I x R is any bounded closed domain.

Note that if the set X; is bounded, it follows from Condition 2 that the sets X§, t* e I are uniformly
bounded. It is not difficult to show, using Gronwall’s inequality (see, for example, [25]) that a cylinder
D = I x G in the space of positions (¢, x) exists such that X§ + €*B C G, t* € I (where G is a closed
sphere in R”, B = {x ¢ R™ : || x || < 1}, ¢* > 0), where we have used the notation X + Y = {x + y:
xeX,yeY}oaX={ux:x e X}.

On the basis of this remark, we shall assume that all our constructions are carried out in the cylinder
D and therefore, for all (¢, x) occurring in these constructions, the right-hand sides F(z, x) of the DI
(1.2) are uniformly bounded (that is, || f|| < K for all f € F(¢,x), (¢,x) € D, where K is some finite positive
number).

The approach proposed here is based on introducing a certain finite partition I" of the interval 7,
substituting for the phase space R™ a certain fixed e-lattice N, and approximating the RDs X},
t* e I by certain finite subsets of N.. The computation of the RDs X§, t* e I of the DI (1.2) reduces to
a certain procedure of calculating discrete approximations of these domains—finite subsets of the lattice
N..

2. We now introduce a set X; = X(¢;; £y, Xo) that will serve as an approximation of the RD X = X{(#;;
to, Xp) and which corresponds to the DI (f) e F(t, xo); we will then determine the degree to which the
set X is approximated by X;.

Let I be a partition of the interval I by times ¢, 7;, . . . , ty_1, Iy = 9, where A; = ¢, — £; = const > 0.
We also assume :

Xi+] = X(ti+l; 5 Xi)v i= 091s reey N-1 (2'1)

whence it follows that Xy = X(9; £y, Xp).

Thus, the RD X}y of the DI (1.2) could have been calculated using only the recurrence relations (2.1),
had we known how to calculate all the “intermediate” RDs X, of (2.1) exactly. However, we do not
know how to do so. We will use the recurrence relations (2.1) in approximate calculations of the set
Xn-
The first step of our approximate calculations corresponds to the interval I} = [ty, ¢;] of the
partition I".

_ Let x[ty] = xo be an arbitrary point in the bounded subset X, of R™. Let us consider the set
XY = X(t;; 10, [ 15]) = x[t0] + AoFo, Where Fy = F(ty, x{£,]). The set X{ is a RD of the DI

i) e Ry, xityl=x, (22)

and X? 0is a certain approximation to the RD X} = X(t;; 1o, x[ £, ]) of (1.2), which is easier to compute
than X 1+ -

We shall show that the Hausdorff distance d(X9, X?) is at least an order of magnitude smaller than
the increment Ay = t; — ty > 0. The following inequality holds
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d(X?, Xy<a(dg), oA)=Ae’(1+K)A), A>0 (2.3)

where ©*(8) is some positive function of § > 0 which tends to zero as § — 0; the quantity K was defined
in Section 1; ®*(8) and K are independent of the choice of #y, t;, x[ £ ].

The proof of the inequality is as follows.
Let XV e X,° Then a solution x[tg], t € I, of the DI (1.2) with initial value x[¢y] exists such that
x[t] = xM). This solution admits of the representation

x[t] =x[t] + [}, flrldr, f[7] € F(r,x{z]) ae.on ], 24
By Condition 1, a function w*(5) (0*(3) 4 0 as 3 { 0) exists such that

d(F(ts, xa), F@, X" NS0 (It =" t+Uxe—x" 1), dFC, x0), F@, xS L xe~x" 1l (255)

(ty,x,), (*x*)inD,t e I
It follows from (2.4) and (2.5) that
d(F(, aft)), Fy) <o (Ag+Nxif]-xitg] <"1+ K)Ag) (26)

It follows from (2.4) and (2.5) that f[t] € Fy + 0*((1 + K)Ag)B for a.e. ¢ € I,. Consequently, we have

n
A]_o [ fltkdre Ry +00’ (1+K)Ag)B 2.7)
o

It follows from this inclusion that

]
1= xlt)+ [ flnldv e sltgl+Ag(Fy + 0" ((1+ K)Ag)B) = XP + w(Ay)B

fo
©(8) =80 (1+K)B), 8&(0, =)
Hence we obtain
x? < XP +oAg)B (2.8)
We will now prove that
X0 < x? +w(ag)B (2.9)

Letx € X, Itis true that x = x[£,] + AFD, f e F,. Together with the motion xXV[¢] = x[ o] + (¢ - to)f ®,
t e I of the DL ¥{t] & F, with initial value x[#,], let us consider the Euler polygon ¥¥)[t], ¢ € I, defined by the
relations ¥®[r%)] = ¥®p®] + AR E®, where 1®), 14, are points of the partition T, = {1§9 = 1, 1,
t%?k)_l, tﬂ?k) = ty; Aj(") = t(ﬂl - tj(") = const, and fj(") € F(tj("),i'(")[tj(k)]) = Fj" is the vector in the set F,® nearest to
the vector fU; ¥®[1{P] = x[5,].

The Euler polygon ®[t], ¢ & I, satisfies the inequality || €¥%)[¢] - x{¢o] |< KAq, and so d(F(t, %°[t]), Fp) < o*
((+K)g), t < I,

Since f) e Fy, it follows that fU & F(t, ¥®[f])+0*((1 + K)Ag)B, t € I,. In particular, the following inclusion
holds for f{!) at the nodal points of the partition T

.

f(l) c Fj(k) +(0*((1+K)Ao)B (2.10)

Thus, taking (2.10) into consideration, we obtain an upper limit

Oe®- 20 <) OEP1- 0P|+ APw’ @+ K)8). =0, L. N1
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Taking these N(k) i(nka)equalities into consideration, we obtain || xV[f{ - E 1] 1< ADw* (1 + K)Ag) + Ao
(1 + Kb+ .. +8G, 0* (1 + K)Ao).

This inequality may be rewritten in the form
| @11~ 29141 s oxag) @.11)

Inequality (2.11) holds for all polygonal lines ¥%[¢], ¢ € I; constructed in this way.

Extracting from the sequence ¥®[1), t e (k= 1,2,.. ) a uniformly convergent subsequence ¥™[t], ¢ € I,
(n =1,2,...), we conclude that the vector function x{] = lim,_,, ™[], ¢ € I satisfies the relations x[f] e F(,
x[t]), ¢ € I,. We have thus established the inclusionx(" = x[#, Je X{ + o(A), proving (2.9). The required relation
(2.3) now follows from (2.8) and (2.9).

The RDs X and X; may be expressed as

Xi= U X, to, xlteD, Xi= U X4, 19, x[5]) (2.12)

xltpleXy x[tgleXp
It foliows from (2.3) and (2.12) that
d(X;, X)swo(Ag) (2.13)

_The RD X’l is somewhat simpler to compute than Xj, since it is expressible as a union of convex sets
X(t1, to, xp), X9 € Xp.

3. We will now describe an approximation scheme for computing RDs of system (1.1).

Divide the space R™ into m-dimensional cubes ®; with centres x}) = xj[#] and vertices distant
from the centres by an amount ¢ > 0. We will call tﬂe infinite set of centres x})a lattice in R™ and
denote it by N..

Now pick out all cubes @; such that ®; N Xy # I, say @; (j = 1, 2, .. ., Jy). Consider the centres x}’
(G=1,2,...,J) of these cubes. Since Xj is a bounded set, J; is a finite number.

Put X§ = {x? :j=1,2,...,Jo}. By the construction of the set X§, we have d(X,, X5) < .

Let § > 0 be given,; starting from the set F;,, we define, by some rule, a finite 8-net F = F(to, x[t,]) =
{fdeFy:k=1,2,...,Ky} such that d(Fy, Fy®) < 6.

We thus have discrete finite approximations X§ and F3 of the sets X, and F.

Now consider the set X). Letx[t;] be an arbitrary point of X;. We can represent this point in the form
x[t1] = x[tg] + Aof, x[to] € Xo, f € Fo.

We now find an apgroximation to the point x[t] in the discrete scheme. In that connection, given
x[to), we find a point x; € X § distant from x{#,] by at most ¢

) e x§, "x}’ -ltol|se
Now, for a vector f € Fy, a vector f} € F(t,, x?) exists which satisfies the inequality
I -7lsd. Foo 590 < Ll -9 < e (3.1)
since x = F(t, x) is a Lipschitz-continuous multivalued function with constant L = L(D). Taking the

vector f} e F(to, x‘}), we can find a vector ," € Fs(to, xoj) such that || f% - f’,‘ || < 8.
Thus for any vector f € Fy a vector f ¥ € F3(t,, x;') exists such that difference between the points

£[0] = xltg) + Aopand x*[11] = 12 + AgfYis

ﬂ(x[to]+ Dof)~(x] +Boff ){] Se+(Le+d)A, (3.2)
Denote &, = exp(2LA,,). Setting 8 = Lg, we see that inequality (3.2) becomes

EQRENY [sea+20a0)sEqe (33)
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Thus, we finally deduce that for any point x[#;] € X, a point x*[#;] = x + Aof; k x°- e X5, f,’-‘ e F(1,,
x J) exists which satisfies mequahty 3. 3)

Denote the set of all such points forj = 1,2,...,Jo,k = 1,2,. .., Kj by X} = X*(t;, 10, X5).

We thus conclude that the Hausdorff dlstance between the sets X ) and X% satlsﬁes the inequality
h(Xl, X?%) < &ge. Since d(Xy, X§) < & and FO(t,, x,) C F(tg, ,) it follows that the Hausdorff distance
between X and X; satisfies an analogous inequality. These inequalities imply that

d(X,, X;)SEpe (34)

It follows from estimates (2.13) and (3.4) that the Hausdorff distance between the sets X; and X3}
satisfies the inequality

d(X;, X{)SEoe+w(Ag) (3.5)

For each point x[t;] € X}, we find a point xj = x;[t;] of the lattice N, distant from x[¢,] by at most
2l x, - x[tl] || < &. Combining all such points x} of N, corresponding to all points x[t;] of X} into a
smgle set X, we infer from (3.5) that

d(X,, XH)y<dX,, X))+d(X;, XF)SEse+ax Ay)+¢€

The discrete finite set X § thus constructed is an g;-net for the set X;—a reachable domain of the DI
(1.2), where €, = £y + 0(Ap) + &.

We will now construct approximations in the next interval [,[¢;, #;] of the partition I'. The arguments
are entirely analogous to those above, with very slight differences.

Consider the RD X, Let x; = x[;] € X;. Let us consider the set X2 = X(tz, t, x[y]) =
x[y ] + A1F1, Ay =1, — t, which i 1s a RD of the DI k() € Fy, x[t,] = x; for a time t,, where F; = F(t;,
x[#,]). X1 approximates the RD X 5 = X(¢,; tl,x[tll]) and, by analogy with (2.3), the Hausdorff distance
between these two sets satisfies the inequality d(X 3, X5 ) < o(A)). Consequently, the Hausdorff distance
between the sets X, and X2 = X(tz, 1, X1) = Upprjex, X 2(t2, 11, x[t,]) satisfies the inequality

d(X,, Xy)<a(ay) (3.6)
Consider the set X,. Let ¥ [t2] € X, be an arbitrary point. Then it may be expressed as X[¢,] = x[t;] +
Asfy, Where x[tl] e Fi.
For the point x[¢;] € Xj, find a point xJ of the ;-net X% of X, such that | x! i=x[t1] | < & Given a
number & > 0 and using some rule, we define on the set F, a finite 8-net
R =F@, xinyD={ff eR:k=1, 2,..., K}}

such that d(F,, F;%) < &.

Assuming that the d-net F‘S(tl, ) is given, by analogy with (3.1) and (3.2) we can find, for any vector
f € Fy, a vector fj‘ e Fo(t;,x j) such that the distance between the points X[¢,] = x[t;] + Ayf and x*[t,] =
x,1 + Afjis

fode 1+ a0 =) + A s rind- s+ aJr - £t s e+ A (Le, +8)
Letting 3 > 0 be any number such that 8 < Le; (for example, 8 = Lg,), we obtain the estimate
[ee1- "1 s e, +2L4) < &g, (3.7)
Thus, we finally deduce that for any point £[t,] € X, there is a point
Fll=x+Aff, (xjeXf, fFeFi, &), 0<8<Le)

satisfying inequality (3.7).
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Denote the set of all points x*[1;] = x} + A f% x} € X5, ffe F(t,x);j=1,2,...,0,k=12,...,
Kll beE =X* (t2’be‘i)' -

Inequality (3.7) implies that the Hausdorff distance between the sets X, and X} satisfies the inequality
h(X5, X3) < E;€;. On the other hand, noting that d(X;, X5) < &, and F®(t;, x'}) C F(t, x';), we obtain

h(X3 X;) < &ie1.
Consequently

d(X;, X;)sEe (38)
Taking estimates (3.6) and (3.8) into account, we obtain
d(Xy, X3)SE e, +axA;) (3.9)

For every point x[t;] € X3, we find a point x]2 € N, distant by not more than ¢ from x[t;]. Denote
the set of all points x for points x{t,] € X'} by X3. By construction of X%, we have an estimate d(X3 X%)
< ¢&. Taking note of (3.9) and the last inequality, we obtain d(X>, X3) < &5, & = &;8; + w(A[) + &.

Thus, X5 is a discrete approximation to the RD X,.

Similar constructions yield approximating sets X5, X%, ..., X$,,, . . . , X} for the intervals [t,, 15},
[t tal, - - 5 [tis tis1)s - - -, [tne1, tN])- In the interval [t, ¢, 1] we have the estimate

d(Xisr Xin)S€ € =68 +0(A))+€ (3.10)

for the Hausdorff distance between the RD of the DI (1.2) and the computed discrete approximation.
In particular, in the last interval [ty_;, £y] we have d(Xy, X7) < ey-

Using the recurrent formula (3.10) for the sequence {g;}, as well as the expressions w(A) =
Ae*((1 + K)A), where o* (1 + K)A 1 0as A 0, and the equalities Ag + A; ... + Ay_; = O — 1,
A; = A), we obtain an upper bound for gy

ey Sexpl2L(8 - 1)I(® -t {(1+ V\NQVA + 0" (1 + K)A)) (3.11)

(the number &, the parameter of the lattice N, is related to the length A = (3 - £5)/N of the intervals in
I by a formula & = QAVA, where Q is some finite positive number).

It follows from estimate (3.11) that its right-hand side tends to zero as A — 0. At the same time,
d(Xn, X5) —> 0 as A — 0. The rate of convergence is determined by the expression in braces on the
rights of (3.11). As A — 0 the number N tends to infinity, so that for large N

1+ VDQVA + 0" (1+ K)8) = QVA + ' ((1+ K)A) (3.12)
When system (1.1) is autonomous (i.e. the right-hand side of the system has the form f{(x, u)), we may
assume, in addition to conditions 1 and 2, that the expression on the right of the first inequality in (2.5)
is equal to L|| x* —x,. ||. In that case (3.12) becomes

(+ Y )QVA + LKA = QA + LKA

Example. Suppose that the dynamics of a control system are described by the equations

. 1 . 1
xl =Exl(l—x2)+u|, xz ='§'x2(1—'x1)+u2’ I“llSI’ I‘hISI
For
t9=0, Xo={(x), ) €R*:(x; -5 +(x,-5)2 <25}, A=0.1, £=0.025

the RDs of the system corresponding to times ¢, = 0, #3 = 0.3, #); = 1.4 are shown in Fig. 1.
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Fig. 1.
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